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COMPARISON OF CALCULATION METHODS IN THERMAL DESIGN FOR 
HEAT EXCHANGER WITH MASS TRANSFER 
Hisashi MIYASHITA 
Dept. of Chern. Eng. Toyama University 
Takaoka, Japan 
Three different calculation methods are proposed for the thermal design of a heat exchanger 
without phase change in the process fluid. These methods are: method of mathematical solution, 
method of graphical integration of an operating line on the temperature-enthalpy diagram and 
method based on the assumption that the temperature of the circulating cooling water does not 
vary in the vertical direction. 
In this paper, the results obtained by these methods are compared with experimental data 
for a vertical type evaporative cooler. 
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• Nomenclature 
heat tranfer area 
operative constant 
operative constant 
integral constant 
heat capacity 
tube diameter 
flow rate of air 
[m•] 
[-] 
[-] 
[-] 
[kcaljkg. · q 
[m] 
[kg/hr] 
heat transfer coefficient 
[kcalj m 2• hr. • C] 
enthalpy of air [kcaljkg-dry air] 
saturated enthalpy of air at bulk 
temperature of circulating cooling 
water [kcaljkg-dry air] 
overall mass transfer coefficient 
[kg/m2• hr. Ai] 
flow rate of process fluid [kg/hr] 
rate of heat transfer [kcaljhr] 
Reynolds number 
values defined by Eq. (16) 
temperature 
velocity 
.
[-] 
[-] 
[•C] 
[m/hr] 
overall heat transfer coefficient 
[kcaljm•. hr. · q 
flow rate of circulating cooling 
water [kg/hr] 
Ut -tw) defined by Eq. (lO) [•C] 
y 
a, f3 
a', /3'' r' 
r 
1, 2 
i, 0 
t 
Uw-ig) defined by Eq. (ll) 
[kcaljkg ·dry air] 
constant defined by Eq. (9) [-] 
constant defined by Eq. (8) [-] 
thickness of tube wall [m] 
thermal conductivity 
[kcaljm. hr. ·c] 
flow rate of cooling water 
per unit length [kg/m. hr] 
• Subscripts 
bottom and top of heat exchanger, 
respectively 
inside and outside of heat transfer 
tube, respectively 
process fluid 
w circulating cooling water 
g air 
s scale 
1 . Basic Equation in Thermal Design 
Considering an arbitrary infinitesimal area 
of the heat exchanger as shown in Fig. 1. 
Since the apparatus are thermally insulated, 
heat loss of the process fluid and the circulat­
ing cooling water can be neglected in the 
calculation. 
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FIG .1 POTENTIAL PROFILE 
The overall heat balance in the heat ex­
changer with mass transfer can be expressed 
as 
(1) 
The transfer equation for heat and mass in 
the infinitesimal area dA of heat exchanger 
are respectively written as follow, 
L C t  dt= Uo (ft -tw) dA (2) 
(3) 
using the symbols shown Fig_ 1. 
If the heat transfer resistance of the pipe 
wall is neglected, the overall heat transfer 
coefficient is expressed as 
uo 
1 
(4) 
In addition, the following heat balance Z) is 
employed 
LCt df= G dig-WCw dtw ( 5) 
Eliminating dA from Eqs. (2) and (3), one 
obtains the following equation. 
_!!j_
= 
_ __£__. !!__o_(t  -t�) 
dig L Ct kog iw-ig (6) 
� _!j__ L Ct (�) 
dig WCw WCw dig 
G { Uo ( ft-fw )} 
= 
WCw 1-k:; -fw-ig (7) 
In order to simplify the analysis, the relation 
between the saturated enthalpy i w and tem­
perature of the cooling water t w is approxi­
mated either by the quadratic equation or the 
linear equation over a certain temperature 
range. 
i w =a' t w 2 + {3'. tw + y' 
iw=a fw +{3 
(8) 
(9) 
Those approximate equations are tabulated as 
in Table 1 and 2 respectivery. 
Table 2 Second-order approximate equation 
Temperature-! Second-order approximate eq. range i 
0-20°C i iw=O.QQ9859 fw2+0.3685 fw+2.315 
5-25 oc iw=Q.Q1295 f w'+0.2917 fw+2.735 
10-30°C iw=0.01688 fw'+0.1542 fw+3.861 
15-35°C iw=0.02196 fw'-0.07355 fw+6.321 
20-40°C iw=0.02863 fw'-0.4401 fw+11.23 
25-45 ·c iw=0.03757 fw'-1.020 fw+20.47 
30-50'C iw=0.04936 fw'-1.898 fw+36.60 
35-55'C iw=0.06517 fw'-3.238 fw+64.68 
40-60'C iw=Q.Q9Q4Q fw'-5.629 fw+ 120.89 
45-65 ·c i w=0.1277 fw'-9.544 fw+223.02 
50-70'C i w=0.1836 fw'-15.97 f w+406.15 
55-75'C i w=0.2886 fw'-29.11 fw+815.33 
60-80'C iw=0.4721 f w'-53.93 f w+ 1651.67 
Table 1 Linear approximate equation 
Temperature range Linear approximate eq. 
0 - 5 ·c iw=0.4368 fw+2.2318 
5 - 1 o ·c iw=0.5102 fw+l.8578 
1 0 - 1 5 ·c iw=0.6084 fw+0.8660 
1 5 - 2 0 oc iw=0.734Q fw-1.030 
2 o - 2 5 ·c iw=0.902 fw-4.400 
2 5 - 3 0 oc iw=l.l18 fw-9.823 
3 0 - 3 5 'C iw= 1.400 fw-18.31 
3 5 - 4 o ·c iw= 1.912 fw-36.62 
4 o - 4 5 ·c iw=2.254 fw-50.71 
4 5 - 5 0 'C iw=2.902 fw-79.93 
5 0  - 5 5  oc iw=3.78 fw-123.92 
5 5  - 6 o ·c iw=5.01 t w -191.71 
6 0 - 6 5 oc iw=6.77 fw-297.53 
6 5 - 7 0°C iw=9.44 fw-471.48 
7 0 - 7 5°C iw=13.70 fw-770.47 
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2. Method of the Thermal Design 
Calculation 
2. 1 Mathematical Solution Method (M-1) 4) 
For the sake of convenience, the following 
substitutions 6) are made : 
ft -fw=X 
iw- ig =J 
(10) 
(11) 
Differentiating Eq. (10) with respect to A and 
using different transfer equation, one obtains 
the following differential equation : 
where, 
dx 
dA 
+ a,x+ b,y= 0 
a, = - c._-� t + � Cw ) u. 
b -� 
' WCw 
(12) 
Similarly, differentiating Eqs. (9) and (11) 
with respect to A and substituting these results 
into the mass transfer equation, 
dy 
one obtains 
where, 
dA + a2x+ b2
y= 0 
aU. 
a2 wcw 
b2 =( � - wacJ k.g 
(13) 
Eliminating y from Eqs. (12) and (13), one 
obtains the following second-order differential 
equation for x: 
d2X dx 
�+( a ,+ b,) dA + 
(a,b 2 - a2b1 )x =  0 
General solution of Eq. (14) is given as 
(14) 
x =C,er1A+C2e<>A (15) 
where, C,, C2 are constants of integration 
and r,, r2 are the roots of the following 
quadratic equation. 
r2 + (a1 + b,) r+ (a,b2 - a2b,)= 0 (16) 
Similarly, the second-order differential equa­
tion for y can be obtained from Eq. (13) as 
d2x dy 
--- -+ (a + b2)d- A- -
+ dA2 ' 
- 80 
(a,b2 - a2b,)y= 0 (17) 
General solution of Eq. (17) is given as 
y= C3er1A + c.er2A (18) 
where, C3, c. are constants of integration, 
whereas r,, r2 are the same roots as obtained 
from Eq. (16). Using the boundary conditions 
B. C. (A = 0 X=  x, y = y, ) A = A x = X2 Y = Y2 
the constants C, C, C3 and c. can be ob­
tained. 
Since the cooling water is circulated, it can 
be assumed that lw1=lw2, iw1=iw2· There­
fore the area A can be expressed from Eq. 
(1 5) as 
A =- 1-fn 
r2 
[ (r, +a,) (t  1-t w 1�-�-b,_ � wl =�_g�l 
(r, +a,)(ft 2-tw 2) + b, (tw 2-Zg2) 
(19) 
and from Eq. (18) as 
A =-1-tn 
r, 
u_r2_-:r_a,) (t  1-t w ,) + b, (� w 1-�g ,)] (r2+a,)(ft2-fw2) + b, (tw2-Zg2) 
(20) 
In practical calculations, the value of fw must 
first be assumed, then the values of i w can be 
calculated either from Eq. (8) or (9). These 
values are then substituted into Eqs. (19) and 
(20), and A can be calculated by trial and 
error procedure until both equations become 
equal. 
2. 2 Successive Calculation Method (M-2) 
This method is based on the successive in­
tegration of the Eq. (6) and Eq. (7) following 
the operating fluid curves on the temperature­
enthalpy diagram. Operating line which is 
obtained by the successive integration is either 
the t w vs. i 8 or t  vs. i 8 curves. Here, tw 
vs. i 8 curve is adopted as an operating line. 
One can obtain the relations t w and i 8 over 
the range from i 8 1 to i 8 2 using the following 
equations (a), (b), (c),. · · · · · · · · · , which are 
obtained from Eqs. (6) and (7) . Since t w I 
should be equal to t w 2, it can be calculated 
by the trial and error procedure. 
G U0 (- f ti-f wi 1 • .11 tc 11 = --- · -- --. ---.--7 .11 zg LCt k •• Z w i- z . , (a) 
ft11=ft i-.dftt (b) 
i811 = i8 I  + .11 i, (c) 
G L Ct (.dft11 ) .11 f w 11 =- W Cw . W Cw .11 i g 11 (d) 
fw11 =fw i -.dfw11 (e) 
.11 t =-
G
-· V. ( f£, (n-I)-fwi (n.I)) I n  L Ct kog iwi (n_,}- ig,{n-I} 
(a) , 
fttn=ft,(n.1}-.Jf£In (b) ' 
i.,n = i8dn-IJ +.11 i g (c ) ' 
fw,n=-:cw - ���(-�::I�-) (d)' 
fwin = fwi(n-I} - _,j fwin 
iwin =a' twin + j3' twin + y' 
(e) , 
( f) ' 
Here, (i.2-i.I) is divided into equal parts 
of .11 .ig. A typical curve of t w vs. ig is depicted 
in Fig. 2. 
Fig. 2 
The total area "4 can be calculated by 
making use of the following equation which 
is obtained from the mass transfer equation. 
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(21) 
Since i w is a function of tw, Eq. (21) should 
be solved by graphical integration. The loci 
of the t w vs. i • curve obtained by the trial 
and error procedure and the (i w- i •) relation 
are shown in Fig. 2 . 
2. 3 Method by assuming The Temperature of 
Circulating Cooling Water does nat change 
in the Vertical Direction 
The temperature of the circulating cooling 
water at the top and the bottom of the column 
are the same and the temperature distribution 
is found to have a peak at the middle of the 
column 1). However, one can assume approxi­
mately that the temperature of the cooling 
water is constant throughout and that the 
saturated enthalpy i w is constant. Thus, the 
transfer equation can be simplified and the 
thermal design calculation become easier. 
Eventualy, by integration of heat and mass 
transfer equation with the following boundary 
conditions, 
B. C. ( A=O 
A= A 
area A can be obtaines follows : 
A=--- tn 
L C f 
( f f I -f we 
) V. f £ 2-f we (22) 
A =-k.
� t n ( ���= ::: ) 
(23) 
The practical calculation is similar to ( M-1) 
method. One can obtain A by continuing the 
trial and error procedure until Eqs. (22) and 
(23) become equal. 
3. Comparison of Various Methods with 
the Experimental Results and 
Discussion 
The actual heat transfer area is compared 
with the values calculated by the various 
design methods. Designed heat transfer area 
of the vertical type evaporative cooler is 2.15 
X 10 ·l [m] (outside diameter : 0.04 [m], height : 
1.8 [m] ). In order to compare the three cal­
culation methods, the experimental condition 
and the relative equation of V. and k.g are 
used, and they are shown in Table 3 with the 
experimental condition 3), 6). Table 4 shows 
the comparison of heat transfer areas obtained 
by the three calculation methods. It is as­
sumed that the saturated enthalpy curve can 
be expressed by the quadratic equation (3} and 
that a'= 0.06571, {3' = -3.238, r' =64.68. In 
the same experimental run, the same tendency 
of errors is obtained in the three methods. 
These errors seem to stem from the experi­
mental errors in the calculation of U. and 
k.g. The deviations of various calculation 
methods, based on the heat transfer area of 
the experimental apparatus and the mean 
deviations of the area by the methods ( M-1), 
( M-2) and ( M-3) from the actual one are within 
about 10%. The successive calculation 
methods give the most accurate results, and 
the ( M- 1), ( M-3) methods give a little bit 
higher deviations. However, it is acceptable 
to consider the higher deviation as a safety 
factor in design work, and the ( M-1) and ( M-3) 
methods are comparatively simple. Therefore, 
it is recommended to apply the two simple 
methods to practical use. 
Table 3 Experimental condition and relative 
equation of U0 and k0, 
Re 1 : 2 X 10' - 9 X 1 O• 
Re. : 6 X 10' - 7 X 10' 
Re, 3 X 10' - 3 X 10• 
r 3 X 10' - 3 X 10• 
i fll 6 12 
i (J2 30 - 50 
I w 38 - 50 
htd, t d,') 0.53 (d,p.1p1 ) 0.8 t CtP. t j 0.53 
--= 0.0205 -- --- ---
Af d, l'f Af 
h.= 340 rr J'l' 
k,, = 0.00823
( 4 G ) 0.9(�0.15 
trdipg Pw 7 '---------
In this paper, a comparison of the calculated 
results is made with the experimental results 
of a vertical type evaporative cooler. In 
principle, the three methods can also be ap­
plied to a horizontal type heat exchanger with 
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Table 4 Compari$on of heat transfer area 
three calculation methods 
(M-1) (M-2) (M-3) I (M-1) (M-2) (M-3) 
x10 ., XlO ., X 10 -t 1 error error error 
[m'] [m'] [m'] [%] [%] [%] l-- -- - -�---
1 I 2.26 2.17 2.23 ! 5.12 0.93 3.72 2 2.19 2.13 2.18 1.86 -0.93 1.40 I 
3 2.22 2.15 2.20 I 3.26 0.00 2.33 4 2.20 2.13 2.18 2.33 -0.93 1.40 
5 2.35 2.24 2.31 9.30 4.19 7.44 
6 2.30 2.20 2.25 6.98 2.33 4.65 
7 2.15 1.96 2.11 0.00 -8.84 -1.86 
8 2.22 2.16 2.21 3.26 0.47 2.79 
9 2.29 2.20 2.24 6.51 2.33 4.19 
10 2.30 2.20 2.24 6.98 2.33 4.19 
11 I 2.35 2.25 2.28 9.30 4.65 6.05 
12 2.28 2.17 2.24 6.05 0.93 4.19 
13 2.28 2.18 2.23 6.05 1.40 3.72 
14 2.27 2.17 2.23 5.58 0.93 3.72 
15 2.14 2.09 2.12 -0.47 -2.79 -1.40 
16 2.36 2.25 2.29 9.77 4.65 6.51 
17 2.16 1.98 2.11 0.47 -7.91 -1.86 
18 2.15 2.10 2.13 0.00 -2.33 -0.93 
19 2.22 2.15 2.21 3.26 0.00 2.79 
20 2.16 2.11 2.15 0.46 -1.86 0.00 
- ·----
21 2.16 2.11 2.14 0.47 -1.86 -0.47 
22 2.31 2.25 2.28 7.44 4.65 6.05 
23 2.18 2.15 2.17 1.40 0.00 0.93 
24 2.29 2.22 2.24 6.51 3.26 4.19 
25 2.28 2.17 2.20 6.05 0.93 2.33 
26 2.30 2.17 2.20 6.98 0.93 2.33 
27 2.18 2.11 2.14 1.40 -1.86 -0.47 
28 2.18 2.13 2.16 1.40 -0.93 0.47 
29 2.13 2.09 2.11 -0.93 -2.79 -1.86 
30 2.14 2.09 2.12 -0.47 -2.79 -I.40 
31 2.12 1.98 2.00 I -1.40 -7.91 -6.98 
32 2.19 2.15 2.18 1.86 0.00 1.40 
33 2.34 2.24 2.28 9.30 5.58 7.44 
34 2.21 2.13 2.19 2.79 -0.93 1.86 
35 2.34 2.24 2.28 8.84 4.19 6.05 
36 2.20 2.15 2.17 2.79 0.00 0.93 
37 2.30 2.19 2.25 6.98 1.86 4.65 
38 2.19 2.13 2.18 1.86 -0.93 1.40 
39 2.15 2.11 2.12 0.00 -1.86 -1.40 
40 2.28 2.17 2.20 6.05 0.93 2.33 
mass transfer. Within the allowable deviation 
limits, either method ( M-1) or method ( M-3) 
seems to be the simplest one, the outher 
recommend it. 
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